Spectral efficiency presents the ultimate limit on data rate per unit bandwidth of a certain communication system. For direct sequence code division multiple access (DS-CDMA) systems the spectral efficiency has been derived in case of synchronous reception for optimal and linear multiuser receivers, flat fading and non-fading environments as well as single and multi-cell cellular networks. The most pervasive model employed in all these analyzes is the large system random signature model. For the decision feedback receivers, previous research handled only the non-fading case while the case of fading channels remained unknown. This paper analyzes the spectral efficiency of the popular conventional decision feedback receiver in flat and frequency selective fading channels with and without power ordering. Results show that, in the case of power ordering before cancellation and very large system loads, the spectral efficiency of this receiver in fading channels can be even larger than in the case of channels with no fading. We also discuss and identify optimal power control laws for the conventional decision feedback receiver with and without power ordering. The power control law which equalizes single user capacities in the case of power ordering is also discussed.
I. INTRODUCTION
Two important results [1] , [2] published in March 1999 in the Transactions on Information Theory stirred considerable interest in analyzing the performances of various receivers for large multiple-access DS-CDMA systems. Both results deal with random sequences where the number of users and processing gain increase to infinity while maintaining their ratio fixed. These assumptions, although theoretical in nature, provide insight into the operation of receivers for practical CDMA systems where the number of users is finite and signature sequences are pseudorandomly chosen. Using novel results from random matrix theory [3] , the asymptotic approach in analyzing the performances of large system multiuser receivers is capable of producing analytically tractable and easily comparable results. Namely, in [1] the asymptotic spectral efficiencies of linear and optimum receivers for synchronous CDMA systems with equal user powers were derived. The spectral efficiencies of linear multiuser receivers were previously analyzed through simulations for finite systems in [4] . Extending the results of [1] , [5] analyzes the fundamental limits on decision feedback linear receivers for large system synchronous CDMA with equal I. We assume throughout the paper that inter-symbol interference is negligible i.e. the delay spread of the channel is small compared to the symbol interval. We also dropped the time index in our model since we are dealing with the synchronous system. Using the above assumptions
we can restate our model as . Some of the other common fading distributions can be found well summarized in [22] .
In this paper, all the results on spectral efficiency of conventional decision feedback receiver are for the asymptotic random signatures case, with the system load £ ¤ constant. The notion of random signatures means that chips of all signature sequences are chosen according to the same zero mean unit variance distribution. Although randomly chosen, these sequences are assumed to be known to both the transmitter and the receiver prior to transmission. The fundamental results in [2] , [8] and [9] require that pdf of the chip distribution has bounded fourth moment and this constraint will also be used here. Note that presented results also apply for the practical choice of 3 signature sequences. We also adopt here a useful, but somewhat unrealistic, assumption of [9] that sequences along different paths are independent.
Decisions in each step of cancellation in a CDFR receiver are based on the output of the conventional matched filter, c sA ¦ . After conventional matched filtering for certain user the despreaded signal is decoded. The decoded data of that user is then re-encoded and its contribution to the joint signal canceled in order to reduce the interference for subsequent users. This process is illustrated in Figure 1 for easy reference.
We use spectral efficiency as a central performance measure in order to evaluate the performances of CDFR under various scenarios. The spectral efficiency of a certain multiple-access system (as used extensively in [1] , [10] ) is defined as
where
is the maximal rate sum (in [bits/symbol]) that can be supported by the analyzed system under certain power constraints. The analysis of the CDFR will be built upon user averaged channel capacity results of CDFR for different user rates and the same powers derived in [5] , [23] bandwidth for the propagation of the multiple access signal. All our subsequent results will also be of asymptotical nature
and the limit sign will be dropped for the brevity of notation.
II. DECISION FEEDBACK WITHOUT POWER ORDERING
In this section we analyze flat fading channel (i.e.
£ 3
) and, unless explicitly emphasized, we assume for simplicity that all channel gains have the same distribution
and unit variance. For the case of linear multiuser detectors, the single user channel capacity converges in probability to [2] , [10] 
where the effective signal to interference ratio SIR of that user in perfect CSI cases can be calculated using the multiuser efficiency § of the user with channel gain as SIR £ SNR § . The multiuser efficiency is equal to the output SNR divided by the signal-to-noise ratio at the output of a single-user matched filter in the absence of multi-access interference. The previous equation
follows from the asymptotic normality of the multiuser interference of random sequences for linear receivers like the conventional and the MMSE receiver.
For conventional receivers, the multiuser efficiency can be calculated as [2] , [9] 
Expectation operator in the previous equation is with respect to the limiting (for large number of users) empirical distribution of user channel gains. If all users have equal fading distribution S T H V then, due to the ergodicity, this limiting distribution will also be
If there is no ordering of the estimated powers prior to the successive interference cancellation, the expectation in ( 6) is equal to unity after arbitrary number of cancellations since the remaining users retain the same power distribution. The average capacity in fading channels is thus obtained by averaging expression (4) with respect to the channel gain
Using Jensen's inequality and the concavity of the expression under the expectation operator in the previous equation, it can be concluded that in this case the average capacity is always less than or equal to the spectral efficiency in the case without fading ( 4). The equality is attained only if there is no fading in the channel.
A. Power Control
In situations where the perfect feedback of the channel estimates from the receiver to the transmitter is possible, power control is usually introduced at the transmitter to boost the performance of transmission in fading channels. We denote the power control law which depends on the perfectly estimated channel gain
In the case when power control law is applied on the CDFR without power ordering, the user averaged ergodic capacity converges to
Finding of the optimal power control law is now a constrained optimization problem similar to the one solved for a single user channel in [24] . However, in this case the closed form analytical solution appears to be intractable and we resort to a relatively simple numerical procedure to identify the optimal power law. This power control law will depend on the specified fading distribution, and parameters and SNR. The idea is to convert the functional optimization problem of maximizing (9) into a discrete optimization problem. In order to accomplish that we use an approximation of the right side of (9)
are samples of the quantile distribution and the power control law respectively.
is the number of discretization intervals. The power constraint (8) is
Therefore the functional optimization problem is approximated by a discrete constrained optimization problem of finding the maximum of (10) under constraint (11) . Note that the integral in (10) can be solved analytically.
The spectral efficiency of the CDFR without power ordering and optimal power control for Rayleigh fading channel is obtained by a simulation for
discretization intervals and is shown in Figure 2 . The Davidon-Fletcher-Powell optimization algorithm (see for example [25] )
converged very fast to the unique optimal solution.
As opposed to the CDFR with power ordering that will be analyzed in the next section, users in CDFR without power ordering do not have the same fading-averaged capacities, even if the fading is ergodic. The reason for this fact is that cancellation order which is appointed beforehand, continually favors some users to the others. Another approach to equalize user capacities or to increase the overall spectral efficiency of the system is to introduce power control law which is dependent on the cancellation order applied at the receiver. We will not discuss this possibility any further and will turn our attention to more promising CDFR with power ordering.
III. DECISION FEEDBACK WITH POWER ORDERING
When power ordering is used, received user powers are first estimated and ordered in nonincreasing order, i.e. from the strongest to the weakest, and the successive interference cancellation is performed in that order. Assuming knowledge of the fading distribution it will be shown that this case can be regarded as a deterministic case, since we can know with high probability the power of the user that is currently being detected [26] . In the derivation of the following proposition which gives the average single user capacity of the CDFR detector with power ordering, we will make use of the following definitions: . Then the average single user capacity of the CDFR receiver with power ordering converges in probability to
as number of users
increases to infinity.
Proof:
In the case that preordering of the user gains was performed and assuming the perfect feedback, the chip matched filter output after
fraction of users was canceled is
where 
This concludes the proof.
¦
In the case of Rayleigh fading this expression simplifies to The comparison of CDFR with and without power ordering is given in Figure 3 and shows that power ordering in fading channels has larger spectral efficiency compared to the non-fading channels.
A remark regarding the statement and the proof of the Proposition 1 can now be stated. . Since its derivation does not involve any new ideas, we present the following corollary on the average capacity of CDFR with power ordering in multi-path fading channels without the proof.
Corollary 1:
Under the independence assumption for the sequences along different paths, the average single user capacity of the CDFR detector with power ordering in multi-path channels converges in probability to
as the number of users goes to infinity. We assume that all users have the same distribution of channel gains.
Similarly S should be used as a fading distribution in ( 7) to obtain the average capacity of CDFR without power ordering. Note that similar results on the performance of linear receivers in complex multi-path fading channels have been obtained in [9] . In this paper some arguments , the sum distribution
The spectral efficiency results with perfect CSI for CDFR in the case of both no power ordering and power ordering and concentrates around its mean value and that our multi-path fading channel degenerates to the non-fading channel. This conclusion applies to situations when inter-symbol interference is negligible, i.e. 
A. Optimal Fading Distribution
It is appropriate here to state the problem of finding the most favorable fading distribution that maximizes the spectral efficiency of the conventional decision feedback receiver. This result is of interest to evaluate how close the performance of CDFR with a certain fading distribution is to the maximal possible spectral efficiency. In the case of most favorable fading distribution the average channel capacity converges to
and the c H can be explicitly calculated. A comparison of the optimal fading distribution and Rayleigh fading distribution is given in Figure 5 . We remark that optimal fading cdf is not strictly increasing and that this may formally present a problem since
is not invertible.
This problem can be easily bypassed if we can view this distribution as a limiting distribution of strictly increasing distributions that maximize the user averaged capacity of CDFR with power ordering.
B. Power Control
Following the same arguments used in the derivation of the spectral efficiency without the power control in Proposition 1, the average capacity of the decision feedback receiver with power ordering and power control law
converges in probability to
The optimal power control law for decision feedback receiver with power ordering can again be obtained by using the calculus of variations. However, in this case it leads to analytically intractable differential equation for both general fading distribution and for Rayleigh fading distribution. Instead, we use the numerical algorithm outlined in Section II.A in order to identify the optimal power law for specified fading distribution, and parameters and SNR. In order to accomplish that we use an approximation of the right side of (29)
are samples of the quantile distribution and the power control law respectively. The functional optimization problem is approximated by a discrete constrained optimization problem of finding the maximum of (30) under constraint (11) .
Computer trials show that the convergence to the unique solution of this optimization problem is very fast even when number of discretization intervals is much greater than 100. The spectral efficiency of the CDFR with the optimal power control law obtained in this manner is shown in Figures 2 and 6 for Rayleigh and Nakagami fading respectively.
We note that the optimal power control law depends on the fading distribution and system load (unlike the optimal power control law for the optimal receiver and linear receivers) which is not very convenient for practical implementations.
Next, we discuss the application of commonly used power control laws i.e. the power equalization and truncated power equalization. It will be shown that these techniques even decrease the spectral efficiency of decision feedback receiver with power ordering. The truncated power equalization law for the threshold is given by . By making use of the equation (36) we can now draw several conclusions about the asymptotic behavior of the spectral efficiency of the CDFR detector.
In the case of no power control at the transmitter, i.e. . Note that, in this large scenario, the spectral efficiency of the CDFR with power ordering in fading channels is larger than the spectral efficiency of the single user channel with fading. This is an example of the multi-user diversity effect that was reported in [10] .
Similar conclusion has been made in [10] for optimum receiver, whereas linear receivers always suffer from the spectral efficiency loss in this asymptotic regime.
The spectral efficiency in the case when power control , which is equal to infinity for unbounded fading distributions.
Similar conclusion has been derived in [31] , where power control law which amplifies only a fraction of the strongest users and assigns zero power to other users, is proven to maximize the spectral efficiency in case when signature sequences and power control law are chosen optimally.
Note that this power control law is applicable only in situations of fast changing fading where all users have the same rate on average.
C. Symmetric Capacity
Instantaneous single user capacities in the CDFR with power ordering and fading channels vary with the number of cancelled users. For illustration, this capacity profile that depends on the percentage of canceled users is depicted in Figure 9 . In general it can be observed that in fading channels, the first and the strongest users to be detected and canceled have the best channel conditions and the highest single user capacities. With the increase in the number of canceled users the single user capacities generally go to zero since the last users to be canceled are also the weakest ones and they are almost completely affected by the channel noise that can not be canceled. Note that all distributions (except the optimal fading distribution) depicted in Figure 9 . have support from to ¢ and the powers of the weakest users tends to zero. However, in ergodic fading channels, all users still have the same average capacities.
We can compare these conclusions with the non-fading case, where single user capacity profile steadily increases with the increase in the number of canceled users since the interference is constantly decreasing. The noise effect is now not as detrimental as in the fading case since all the users have the same received powers.
In this section we discuss the power control law that equalizes the single user capacities of users in the CDFR receiver with power ordering. Somewhat similar analysis was done in the case of the decision feedback receivers with equal user rates and no fading in [5] while the general definition of the symmetric capacity with optimal receivers was given in [32] .
In order to equalize single user capacities (see equation ( 29)) we want to identify the power control law and a maximal constant SIR such that
. The equation (38) is an integral equation in
With this solution we can see that SIR £ and single user capacities of all users are equal to
Note that in the case of fading distribution that is not regular, the previous equation does not have any solution 5 since the integral on the left side diverges. This conclusion is in accordance with the results of [30] and [33] . However, for regular fading distributions, the previous equation does have a positive solution. A numerical example of this is given in Figure 6 for Nakagami fading distribution
with parameter
, where
Numerically solving the previous equation in the case of Nakagami fading distribution with
shown in Figure 6 , the asymptotic value of the symmetric spectral efficiency is
. We note that this value surpasses the non-fading single user spectral efficiency (capacity of a Gaussian multiple access channel) at¨ § fading state we associate a symmetric capacity
, which is the maximal common rate of all users that is allowed with CDFR receiver for that fading state and optimally allocated power control law.
We now recall the definition of the outage probability in channels with the flat fading [7] and extend it to the multiple access channels with equal single user rates. Therefore, the probability that a common rate
cannot be achieved is
where the probability is evaluated over the set of all fading states . The symmetric capacity of the CDFR with power ordering converges to its limit in probability. This implies that, as the number of users increases to infinity, the outage probability (43) that the rate
where is given as a solution of the equation (40), cannot be achieved goes to . This discussion can be summarized in the following remark.
Remark 2:
The symmetric capacity of the CDFR with power ordering derived in this section is achievable for almost all fading states of a slow fading channel.
This result is a consequence of the diversity provided by the large number of users in the system. Note that the power constraint (8) now has to be viewed as a long term average with the averaging being done on a much longer time-scale than the coherence time of the fading process.
Alternatively, the power constraint (8) can be viewed as an instantenous power constraint on the total power transmitted by the base station.
IV. OTHER LIMITING ISSUES
So far we have addressed only the issue of performance analysis of a CDFR detector in synchronous channels and we have neglected more realistic asynchronous channels. However, using the results of [8] for bit-synchronous symbol-asynchronous channels, we can see that results presented in previous sections directly apply for symbol-asynchronous channels. It was shown in [8] that the conventional matched filter detector does not suffer from a loss in effective signal to noise ratio due to symbol asynchronicity. Since the CDFR performs matched filtering in each stage of cancellation there is no loss in performance for this detector either. The multi-path channel results also hold since we can view these channels as equivalent single path channels, (2) if we neglect the inter-symbol interference.
For completeness of presentation we note that the material presented in previous sections can also be used to calculate the error-exponents of CDFR. Knowledge of error exponents can help us obtain an upper bound on bit error probability of a certain user when finite length code words are used. Namely, the Gaussian error exponent of the 
V. CONCLUSIONS
Spectral efficiencies of the CDFR in frequency flat and frequency selective fading channels with perfect and imperfect CSI were evaluated for the large system model. It was shown that ordering of the user powers prior to cancellation can significantly increase the spectral efficiency of this system and even exceed that of non-fading channels. The choice of optimal power control law for CDFR with and without power ordering was discussed. Furthermore, it was shown that truncated power equalization is not an adequate method for power control for CDFRs and that it can even decrease the spectral efficiency of the system. . This capacity profile is plotted for no-fading case, as well as Rayleigh, Nakagami fading and optimal fading cases.
